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Abstract

A fibre bundle structure is introduced over manifolds of quantum channels. This
structure has a close connection with the problem of estimating an unknown
quantum channel I'y specified by a parameter 6. It is shown that the quantum
Fisher information of the family of output states (id ® I'y) (6 ) maximized over
all input states 6, which quantifies the ultimate statistical distinguishability
of the parameter 6, is expressed in terms of a geometrical quantity on the
fibre bundle. Using this formula, a criterion for the maximum quantum Fisher
information of the nth extended channel (id ® I'y)®" to be O(n) is derived.
This criterion further proves that for almost all quantum channels, the maximum
quantum Fisher information increases in the order of O (n).

PACS numbers: 02.40.—k, 03.65.Yz, 03.67.—a, 89.70.Cf

1. Introduction

Let H be a finite-dimensional (say dim¢c H = d) complex Hilbert space that represents the
physical system of interest, and let B(H) and S(H) denote the sets of linear operators and
density operators on H. A dynamical change I' : S(H) — S(H) of the physical system,
called a quantum channel, is represented by a trace-preserving completely positive map [1-4].
It is known that I : B(H) — B(H) is completely positive if and only if (id ® I')(GpE) is a
positive operator, where 6 € S(H ® H) is a maximally entangled pure state and id denotes
the identity map. Furthermore, the correspondence

['t+— (d®TI')(6mE) )

establishes an affine isomorphism between the set of quantum channels on S(H) and the
convex subset

1
SIHOH) = {,F) €ESH®H); Trop = El}
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of the extended state space S(H ® H), where Tr, denotes the partial trace on the second Hilbert
space. In this way, one obtains a one-to-one affine parametrization of quantum channels
[5,6].

While the map (1) defines a faithful embedding of quantum channels into the extended state
space S(H®H), it does not always give an optimal embedding in view of statistical estimation.
To put it more precisely, given a one-dimensional parametric family {I['y; 0 € ® C R} of
quantum channels, the symmetric logarithmic derivative (SLD) Fisher information [7-9] of
the family (id ® I'y)(6) does not always take the maximum at a maximally entangled input
6 = &y [6, 10]. The problem of finding an optimal estimation scheme for a given family
of quantum channels is called a quantum channel identification problem [11]. Among others,
evaluating the SLD Fisher information of the output family (id ® [g)®" (&) of the nth extended
channel maximized over all inputs 6 € S((H ® H)®"), given n € N, is of fundamental
importance, because it quantifies the ultimate statistical distinguishability of the parameter 6.
This problem has been studied in two special classes of quantum channels, i.e., the generalized
Pauli channels [12] and the SU (d) channels [13], and an antithetical asymptotic behavior has
been obtained. To be exact, the maximum SLD Fisher information is O (n) in the former,
whereas it is O (n?) in the latter, which is in striking contrast to the classical statistics. What
about other quantum channels? Is there a class of channels that exhibit O (n*) with @ # 1, 2?

The purpose of this paper is to give a partial answer to this question. We show that the
maximum SLD Fisher information increases at most in the order of O (n?) for any class of
quantum channels. We further derive a simple criterion for the order to be O (n), and prove that
‘almost all’ families of quantum channels exhibit O (n). Here, the geometry of fibre bundle
over the manifold of quantum channels plays an essential role.

The paper is organized as follows. Section 2 is devoted to a brief review of differential
geometry of quantum statistical manifold. In section 3, we introduce a fibre bundle structure
over manifolds of quantum channels. It is shown that the maximal SLD Fisher information is
expressed by means of the operator norm of the ‘horizontal lift’ of the tangent vector on the
base manifold (theorem 4). In section 4, we proceed to the problem of evaluating the maximal
SLD Fisher information. We prove that it increases at most in the order of O (n?), and derive
a criterion for the order to be O (n) (theorem 5). We further prove that any full-rank quantum
channels exhibit the order O (n) (theorem 8). Since the closure of the set of full-rank quantum
channels is identical to the totality of quantum channels, this result could be paraphrased
by saying that almost all quantum channels exhibit O(n). In section 5, we present several
illustrative examples to demonstrate these results.

2. Geometry of quantum statistical manifold

Let us start with a brief review of differential geometry of quantum statistical manifold [14].
We consider the set of density operators on H of rank r:

S:={p e S(H);rank p = r}.

This can be regarded as a (2dr — r> — 1)-dimensional real manifold. Given a p € S and
a natural number g (=), an ordered list of vectors W = [¢1, ..., ¢,] is called an ordered
p-ensemble of size q if

q
p=_16))d;l.
j=1

Associated with each p € S is the set
Wi[p] := {W; W is an ordered p-ensemble of size q}.
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Letting
wi = wilpl,
peS

we have a canonical projection
q
W — S:[r. .. dgl— Y 1d) bl
j=1
There is a natural right action of the g-dimensional unitary group U(q) on W9[p]:

q
W=[¢licjcg —> WU = |:Z¢3kukj:|
k=1 1<j<q

This U (g)-action on W[ p] is transitive. Moreover, when g = r, each W € W [p] comprises
linearly independent vectors, and the U (r) action on W'[p] is free. Therefore the quadruple
W', mr, S, U(r)) is a principal fibre bundle [15]. For later applications, however, it is essential
to treat ordered p-ensembles of a general size g (>r).

The readers may be warned not to confuse the right action W +— WU of unitary matrices
U € U(q) with the left action W +— LW := [L¢y, ..., Lg,] of linear operators L € B(H).
Also it should be noted that by using an abridged notation
(b1l
w=[....16)], W= i |,
(]

the above-mentioned properties can be exhibited as follows:
q
p=>_19))d;l < p=WW*
j=1

TW —S§S — n:Wir— WW*
U (g) preserves each fibre <— WW*=WU)(WU)*
This correspondence clarifies that our formulation unifies and extends the geometry of Berry’s
phase [16-20] and that of Uhlmann’s [21-23].
One of the most fundamental quantities on the quantum statistical manifold S is the SLD
Fisher metric. A Hermitian operator-valued continuous 1-form £, : 7,5 — B(H) satisfying

dp = 5(pLy +Lyp)
is called the SLD representation, and the bilinear form g(= g,) : 7,8 x T,§ — R defined by
gp(X,Y) = %Trp(ﬁp(X)Lp(Y) +L,(Y)L,(X))

is called the SLD Fisher metric. Although the SLD representation is not unique unless r = d,
the SLD Fisher metric is invariant under the arbitrariness of the SLD representation [24, 25].

The following theorem provides an interpretation of the SLD Fisher metric of S in terms
of the fibre bundle W9, r, S, U (g)) [25].

Theorem 1. Let {py;0 € ® C R} be a smooth curve on S and let q (>r) be an arbitrary
natural number. Then the SLD Fisher information J(pg) := g,,(9, 0p) at 0 = 6y € O is
given by

J(pg,) = 4nvlvin Tr WoW;lo—s,
6
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where the dot denotes the differentiation with respect to 6, and the minimum is taken over all
smooth families of ordered py-ensembles Wy of size q that are locally defined around 6 = 6.
The minimum is attained if and only if

Wo = 3L,,(39)Wp 2)
holds at 6 = 6.
Proof. Let us fix a local smooth family of py-ensembles WG(O) = [(ﬁl @),..., <13, (0)] of size
r around & = 6y. We extend it to a family of py-ensembles of size ¢ by adding (g — r)
Zero vectors as [431(9), R qAS,. 0),0,...,0], and regard it as a reference family. Letting
VO .= [1,|0], where I, and O denote the r x r identity matrix and the r x (g — r) zero

matrix, the reference family is written as WG(O) V©®_ Given a smooth family of py-ensembles
W, of size g, there is a smooth family Uy of ¢ x g unitary matrices that satisfies

Wy = wOvOu,.
Then
We = W5 VOUy + W, VOUS,.
Since Wg)) describes the change of linearly independent vectors [(ﬁ i@ ]igj<r in H, there is
an operator Ly € B(H) that satisfies
WO = 1w,
As a consequence
W@ = %L;W@ + WQUG*UQ.
In order for this equation to be consistent with the change of py, we claim
po = WoW; + WoWj = S(paLg + L} po).
This shows that the operator Ly is a logarithmic derivative.
Let Ky := Ly — Lg where Lg = L,,(99). Then pgKy + K ps = 0, and we have
TeWo Wi = L Trpg (L) + Te(AK; Wy + WoULU ) (LK Wy + WoULU )"
Since the second term on the right-hand side is nonnegative, we conclude that
r{rv}/ir}lTr WeWs = % Tr,oe(Lg)2 = iJ(,og).
]
The minimum is attained if and only if
3KiWy + WoUsUg =0
or equivalently

Wo = LLSW,. 0

o=

In order to obtain an intuitive geometrical insight into theorem 1, let us regard W9 as a
metric space with the metric

q
v W | (61 6 6) - 165
Jj=1
where W = H(ﬂ”), e (]35?)]. Given W € 77 !(p), we define
fw:S— Wi

o —> argmin d(W, W').
Wen—1(o)
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Theorem 1 implies that the minimal squared distance between two nearby fibres is given by a
quarter of the SLD Fisher information, and the differential d fyy maps X € T,Sto X € Ty W4
that satisfies

XW=1L,(X)OW.

An integral curve of the differential equation (2) is called a horizontal lift of the curve py.
It would be worth mentioning that when g = r, the above observation leads to a connection
of the principal fibre bundle (W", &, S, U(r)). Let us introduce the projection

P:TyW — TyW"
X +— Y,
where X is defined by
XW = 3Ly (X)W, Lw = 7*Law)-
Now we decompose the tangent space 7w W'’ into the direct sum
TwW" = Vw & Hy,
where
Hy = P(TyW"), Vw = (1 = P)Y(TwW") = Ker(my)w.

The subspace Hy has the property that Hyy = Ry.Hw, where Ry denotes the right action
of U € U(r). Thus there is a unique Ehresmann connection A in which Hy becomes the
horizontal subspace:

AW = WA+ 3Ly W.
The curvature form F(A)(X,Y) := —A([X, Y]) becomes
WF(A(X,Y) = —[X,YIW + 3 L,(m.[X, Y)W
= 1 {lLx, Lyl = 3£,([Lx, Ly], pD} W,

where p := (W) and Ly := Ly (X). Itis shown that the curvature F (A) is closely related to
the torsion of the exponential connection V(@ of the base manifold S. For more information,
see [14].

3. A fibre bundle over quantum channels

Let us proceed to geometry of manifolds of quantum channels. It is well known [3] that a
quantum channel I" : S(H) — S(H) is represented in the form

F(p) =) AjpA;
i

where A = {A}; is a finite collection of operators satisfying
> A =1
J

This is sometimes referred to as the operator sum representation. When a quantum channel I"
is represented in this way, the ordered collection of operators A = {A;}; is called a generator
of I'. The number J of operators in a list A = {Ay, ..., A,} is called the size of A. Given a
quantum channel I', let G[T"] be the set of generators of I'. It is further decomposed as

girl = Jgrry,

qzr
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where G4[I"] denotes the set of generators of size g, and the minimal size r is called the rank
of I'.
Let us recall the following fundamental characterization [4].

Proposition 2. Two collections of operators {A;}i<j<s, {Bihi<k<x (J < K) give the same
quantum channel if and only if there is a matrix Q = [Q ] € C*K such that QQ* = I,
(17 denotes the J x J identity matrix) and B, = Zj A;Qji.

Corollary 3. Let r = rank I". Then A € G[TI'] belongs to G"[T'] if and only if A is a linearly
independent set of operators. Further, A € G"[I'] is unique up to an r X r unitary matrix.

Proposition 2 is easily seen by recalling that a generator .4 of I" of size ¢ is obtained by
rearranging the components of columns of a d> x g matrix A that satisfies

1
JAA" = (@) Gur).

Here the operator (id ® I') (6 ) is identified with its d? x d?* matrix representation. This fact
also implies that rank I' = rank(id ® I') (6 ). See [5, 6] for details.

Corollary 3 shows that by regarding the set of minimal generators G"[I"'] as the fibre over
", one can define a principal fibre bundle over the set of all quantum channels of rank . The
structure group is U(r). This principal fibre bundle was first introduced in [14]. In view of
applications to quantum channel identification problems, however, it is useful to treat fibre
spaces GI[I'] of general size g (>r), as demonstrated below.

Let us recall the quantum channel identification problem which allows extensions of the
channel [11]. Suppose that we have an unknown quantum channel that belongs to a parametric
family {I'y; 6 € ®} of quantum channels, and that we wish to estimate the true value of the
parameter 6 as accurate as possible. Our task is to find an optimal input 6 € S(H ® H) to
the extended channel id ® 'y and an optimal measurement for estimating the parameter 6 of
the family (id ® I'y)(6) of output states. In what follows, we restrict ourselves, for the sake
of simplicity, to the case when 6 is one-dimensional. In this case, the problem amounts to
finding an input & that maximizes the SLD Fisher information J((id ® I'y)(6)) of the output
family. When the optimal input depends on the true value of 6, we make use of an adaptive
estimation scheme [26].

Now there is a delicate problem concerning the existence of the SLD of (id ® I'y)(&).
First, the family {I"y}y must be differentiable in some sense. Here we assume the following.

(RC1) I'g has a generator A(0) = {A;(0)}1<j<r, € G7°[T'9] with rg := max{rank I's; 6 €
©} such that each component A ;(0) (1 < j < rp), is continuously differentiable in 6.

If this condition is satisfied, we simply call the family {I'g}¢ smooth. Note that (RC1) is
stronger than the requirement that I'y (o) is continuously differentiable for all o € S(H). In
fact, (RC1) is much closer in spirit to the condition that /Ty (o) is continuously differentiable.

We next observe the following fact: the rank of the output state (id ® ['y)(6) may vary as
0 changes, even if rank I'y is constant, and the family (id ® I'y) (&) may not have an SLD at a
point where the rank changes. Let us call such a point singular, and denote the set of singular
points of (id ® I'p)(6) by Ogine (6)(C ®). To surmount this difficulty, we first assume the
following.

(RC2) The set Ogjng(6) is a finite set for all 6 € S(H ® H).

This condition ensures that theorem 1 is applicable to the evaluation of the SLD
Fisher information J((id ® I'p)(6)) at 6 ¢ One(6). Moreover, since the function

6
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0 — J((id ® I'y)(6)) is continuous at 6 ¢ Oy, (6), one would expect that the SLD Fisher
information at a singular point 6y € Ogjne(6) might be defined by

J((d ® I'g,)(6)) = gli_)nelo J((d® I'p)(6)). 3)

In order to put this idea into practice, we further assume the following.
(RC3) For each 0 € S(H), the function

b > minTr | o Z Aj(0)*A; ) 4)
J 6=0,
is continuous at all 6y € ®, where the minimum is taken over all smooth families of generators
A(8) € G[I'y] that are locally defined around 6 = 6.

Note that under (RC1), the function (4) is always upper semicontinuous. Moreover, given
a pure state 6 € S(H ® H), the right-hand side of (4) with o := Tr;6 gives the SLD Fisher
information J((id ® I'y,)(6)) at each 0y ¢ Ogine(6); see (5) below. The condition (RC3) is,
therefore, essential only at 6y € O, (6). We shall call a family {Ig} piecewise regular if it
satisfies (RC2) and (RC3).

Let us now proceed to the problem of maximizing the SLD Fisher information
J((id ® T'y)(6)) over all input state & € S(H ® H). A direct evaluation of the SLD Fisher
information J((id ® I'p)(6)) as a function of input state 6 is often infeasible because of
computational difficulty. The following theorem gives an alternative way of evaluating the
maximal SLD Fisher information.

Theorem 4. Let {T'y; 0 € ©® C R} be a smooth, piecewise regular one-parameter family of
quantum channels, and let (> max{rank Iy }g) be an arbitrary natural number. Then

q
max J((id ® [y,)(6)) =4min [ Y A;(0)*A;(©0)
5eS(HQH) AO) |-
j=1
0=0,
for all 6y € ©, where || - || denotes the operator norm of H, and the minimum is taken over
all smooth families of generators A(9) = {A;j(0)}i<j<q € G ] that are locally defined

around 6 = 6.

Proof. Since the SLD Fisher information J ((id ® I'y)(6)) takes the maximum at the extreme
boundary d,S(H ® H) [11], we can restrict ourselves, without loss of generality, to pure state
inputs & = |y)(y|, where ¥ is a unit vector in H ® H. Letting A(6) = {A;(0)}i<j<q bea
smooth family of generators of Iy, we have

q
po = ({d®T)(E) =Y (I ®A;ONV)YIU®A;6))".

j=1

This shows that [(/ ® A;(0))¥]i< <, is an ordered pg-ensemble of size g. Moreover, the
transitive right action of unitary group U (g) on the fibre G9[Ty]:

q
{AjOigj<q {Z Ak(Q)Mkj}
k=1 1<j<q
naturally induces a transitive right action on the fibre W?[py]:

q
[ ® A;O)V]i<jcg — [Z((l ® Ak(e»x//)uk,}
1<

k=1



J. Phys. A: Math. Theor. 41 (2008) 255304 A Fujiwara and H Imai

According to theorem 1, therefore, the SLD Fisher information J(gg,) at 8y ¢ Oing(6) is
given by

1 , d d
ZJ(pgo) = min Trygn Z,: ‘@ (1®A;®) w> <£ (I®A;@) v

A(0)
0=0o
= minT I A (DA
min Teren ¥) (W1 | 1® D A;0)"4;0)
J 9=0,
= minT Aj(0)"A;6 , 5
1}1(101‘)1 Ino Z ]( ) j( ) ( )
J 0=6,
where o = Tri|¥)(¥| € S(H), and the minimum is taken over all smooth families of

generators A(0) = {A;(0)}; € G,(I's) that are locally defined around 6 = 6. Now, because
of (RC3), we see that (3) is actually well defined for any pure state input & = |y )(y|. This
observation further ensures that, under the definition (3), the formula (5) holds for all 6, € ®.

In order to evaluate the minimum in (5), let us introduce a smooth reference generator
B6) = {B;(®)}1<j<q- Then there is a smooth family of ¢ x ¢ unitary matrices U(f) =
[ux; ()] such that

q
Aj(0) = Bi(O)u; ().

k=1

Let xpp := (1/«/—1)21. L't_kjugj = (1//=1)(UU*)g. Then Xz = X, so that the matrix
X = [xx¢] is Hermitian and «/—1X belongs to Lie algebra u(g). Now

ZATAJ = Z <Z Bkukj + B/Jt/q) (Z Bgugj + BZ”ZJ’)
J

k 14

J

. B*B, — B*B .

_ (Z B;Bk> . (Z %xk[) . (Z BB, Zx,(mxm) o
k [7 -1 ke m

As a consequence, (5) is rewritten as

1J(Be,) = _min )feo (0, X) 7)

—1Xeu(g

where
e BB, — BB,
folo, X) := (Z TraB;Bk> +> <ka—) Xt
k ke A/ —1

+> <Z (Tro B{ B,) kam> . (8)

m .24

Now we are ready to prove theorem 4. The function fy(o, X) is linear (affine) in o,
and is convex in X because the coefficient matrix [Tro B} B¢]i<k,¢<q 1S positive semidefinite.

8
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Consequently, the maximal SLD Fisher information can be evaluated as follows.
. . 1 . -
— max J((d®Ty)(6)=- max J((d®T)(G))
4 5eS(HM) 4 €0, S(HSH)

= max min  fy, (o, X)
0eS(H) /=1Xeu(q)

= min max fy, (o, X)
\/leEu(q)UES(H)

= min ZAj(e) Aj(0) . )
J 0=6,

In the second equality, the relation (7) and the surjectivity of the partial trace Tr

0.S(H ® H) — S(H) are used. In the third equality, on the other hand, a version of

minimax theorem [[27], corollary 37.3.2] is used, which asserts the exchangeability of min

and max when either of the domains of the arguments is compact. ]

In what follows, we abbreviate the formula (9) as

q
ﬁe‘rsr(lftém J((d®Ty)(6)) = 431(101)1 ; AiO)A; 0] . (10)
Several remarks are in order. First, theorem 4 gives a complete answer to the question raised
by Sarovar and Milburn [28] on how to express the maximal SLD Fisher information in terms
of generators. Originally they intended to find an expression for the maximal SLD Fisher
information maxses¢x) J(I'g(0)) of unextended channels. Actually the formula (10) only
gives its upper bound:

max J(Is()) < 4min 2}}\,(9) Aj(©) (11)

In fact, an argument similar to the proof of (7) leads to

@) wh) = min  fo(ly) ) X) (12)

V=1Xeu(g)
for any | )(¥| € 3.S(H). Therefore, the obvious inequality
max min  fp(o, X) < max min  fy(o, X) (13)

0€d,S(H) V—1Xeu(q) o €S(H) V—1Xeu(q)
leads to (11). It is important to note that the inequality (13), and hence (11), is not always
saturated. This is because the function o +— miny fy(o, X) does not in general take the
maximum at the extreme boundary 9,S(H), although the function o — fy (o, X) always does
for any X. (A simple example which may help intuition: the function f : [-1,1] x R —
R : (a,x) — x2+ ax, which is affine in a and convex in x, has a single saddle point at
(a,x) = (0,0).) These observations clarify the importance of extending the channel into the
form id ® I'y. In section 5, we demonstrate these subtleties in more detail.

Second, the similarity between theorems 1 and 4 clarifies a parallelism between the
geometry of optimal estimation scheme for quantum states and that for quantum channels:
we need only change the Hilbert—Schmidt norm into the operator norm. In particular, by
comparison with the exposition presented after the proof of theorem 1, theorem 4 could be
interpreted as expressing the maximal SLD Fisher information by means of the operator norm
of the ‘horizontal lift’ of the tangent vector dy on the base manifold. Since the maximal SLD
Fisher information quantifies the statistical distinguishability of quantum channels by means
of an optimal estimation scheme, we might as well call the quantity (10) the SLD Fisher
information of the quantum channel I'y, and shall denote it as J(id ® Ty).
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4. Application to quantum channel estimation problems

Given a family of quantum channels I'y, how fast does the SLD Fisher information
J((id @ Ty)®") of the extended channel (id ® I'p)®" increase as n increases? It has
been shown that J((id ® T'y)®") = O(n) for generalized Pauli channels [12], and that
J((d ® T'4)®") = O(n?) for unitary channels [13]. In this section, we prove that ‘almost all’
families of quantum channels I'y exhibit J((id ® I'p)®") = O (n).

We start with the following sufficient condition for J((d @ Tp)®) = O(n).

Theorem 5. For any smooth, piecewise regular one-parameter family of quantum channels
Ty, it holds that J((id ® T'p)®") < O (n?). Moreover; if Ty has a generator A(8) that satisfies

Y AzA; =0,
J

then J((id ® Ty)®") = O (n).

Corollary 6. A smooth, piecewise regular one-parameter family of quantum channels 'y
exhibits the additivity of the SLD Fisher information J((id ® T'9)®") = nJ (id @ Ty) if 'y has
a generator A(9) that satisfies both

D> ATA; =0 and Jid@Ty) =4|> Aj4;
J J

We next show the following.

Lemma 7. Let T" be a full-rank quantum channel. Then
rank(id @ I') (|¥ ) (¥ |) = d - (Schmidt rank of )

for any ¥ € H® H, where the Schmidt rank of  is the number of nonzero components in the
Schmidt decomposition of .

Lemma 7 implies that any one-parameter family of full-rank quantum channels is
(piecewise) regular, in that Ogne(6) = ¥ for all 6 € 9,S(H ® H). Taking account of
this fact, we finally reach the following important consequence.

Theorem 8. Any smooth one-parameter family of full-rank quantum channels Ty exhibits
J(Gd @ Tp)®") = O(n).

The affine isomorphism I' — (id ® I') (&) £) mentioned in section 1 establishes a one-
to-one correspondence between the set of full-rank quantum channels on S(H) and the set
of full-rank density operators in S;(H & H). Therefore, the closure of the set of full-rank
quantum channels is identical to the totality of quantum channels. This observation prompts
us to interpret theorem 8 as asserting that the SLD Fisher information is of O (n) for ‘almost
all’ quantum channels.

4.1. Proof of theorem 5 and corollary 6

By a suitable rearrangement of the constituent Hilbert spaces H, we identify (id ® Ig)®"
with id®" ® I'$". Given a smooth family of generators A(0) = {A;(0)}i<j<q of Ty, let

10
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AW == A;(0) for j € {1,....q}. and let inductively

Al(f”) = Ag’l) ® A/(JZ) for = (u,m2)e{l,....q}" x{1,...,q}.
Then {A%; 1 € {1,...,q)"} is a generator of I'§". Let
. A (n)* 4 (n)
&n = Z Au Au
nefl,....q}"
and
,Bn = Z Agl)*Agl).
nefl, .. git

Since B, + B, = 0, we see that

e = 3 [a(A) @ AD)] [ (Af) @ AD)]

K, 2
Zan®l+1®n®al_2ﬂn®ﬂl (14)
and that
n 1 * n 1
B = ) [(A]) @ AD)]'[A]) @ AL
1, 2
=B, Q1 +1%°" ®pB. (15)

Substituting the solution

n

ﬂn — Zl®(i71) ® /31 ® I®("*l’)
i=1

of (15) into (14), we have

=y I¥@ual® -2 Y I¥epel®ep eIl (16)
ij=0 i,j k>0
i+j=n—1 i+j+k=n—2

As a consequence, the operator norm of «,, is evaluated as

lll < mlley || +n(n — DI, a7
Combining inequality (17) with theorem 4, we have

nJ(id®Ty) < J((id ® [p)®") < 4I/Ill(i91)1 lll < 4nlley || +4n(n — DI,

where the last side is evaluated for an arbitrary generator A(8) of I'y. Theorem 5 and
corollary 6 now follow immediately.

4.2. Proof of lemma 7

Let ¢ € H ® H be represented in a Schmidt decomposition

d
Y= Z«/a_iei ® fi,
i=1

where o = (a1, ..., ay) is a probability vector, and {e;}1<i<qs and { fi}1<i<q are orthonormal
bases of H. When v is represented in this way, we denote it as . Thus

(d @)Y (YD) =) Jaajlele;| @ T(£) (D)
ij

=D*®D - ((dD)(¥")(Y")D) - (D* ® 1),
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where

d
D*:=Vd ) Jaile)iel

i=1
and u = (1/d, ..., 1/d) denotes the uniform distribution. Since I' is full-rank, the operator
Ad @ T)(|v*) (¥r*]) is strictly positive. As a consequence,

rank(id ® ') (| *) (¥ ¥|) = rank(D* ® I) = d - rank D“.

4.3. Proof of theorem 8

We show that any family I'y of full-rank channels has a generator 4(6) that satisfies §; = 0.
Let B(0) = {B;(0)}1<j<qs be an arbitrary smooth reference generator of I'y of size d?, and
let A(Q) = {Aj(@)}]gjgﬁ be

Aj(0) =) Bu(®)uy; (),
k

where U (0) = [uy;(0)] is unitary. Then
Bi=) A%A;
J

= Z (Z Bkukj + Bkllkj) (Z B@ng)
J k L

:ZB;B;(+«/—_IZB;:B@XM, (18)
k kt

where xip = (1/v/=DY; igjuej (= Xer). It suffices to prove that for each 6, there is a
Hermitian matrix X = (xy,) that satisfies

ZB;ngkg = «/—123;3,“. (19)
ke m

Since I'y is full-rank, the generator {B;}; <> forms a basis of the space B(H) of linear
operators on , and there exist complex numbers {Ax}1<r<qa? and {r}1<r<qe that satisfy

Zk:)\,kBkzl, Zk:/LkBkzgzm:B:’Bm

Let

Xee 1= Ao + ATl

Then x;; = x¢ and
> BiBexie = (Z AkBk) (Z M&) + (Z m&) (Z M&)
kt k 14 k 14
= @ zm:(B;;Bm — B! B,)
=V=1)_ B}B,.

12
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5. Examples

In this section, we present several examples to demonstrate the results obtained in sections 3
and 4.

5.1. Depolarizing channel

Let 01, 02, 03 be the standard Pauli matrices. A depolarizing channel Iy : S (C* - S([CHis
a full-rank channel defined by the generator B(f) = {B;(6)}o<j<3 With the parameter space
® = (—1/3, 1), where

1+36 V1 -0

Bo(®) = ——1, B;(6) =

It is known [11] that
1

max J([y(0)) = ———— (20)
ces@ " (1—0)(1+6)
and
J((id®Ty)(5)) . (21)
max i )= ———.
5eS(CEC) ’ (1—0)(1+30)
Let us investigate these results in the light of the inequality (13).
We make use of the Stokes parametrization foro € S ((Cz) as follows:
o = 3(I +aoy + boy + co3), @+b*+* <. (22)
By a direct computation, the function (8) is explicitly minimized with respect to X as
i 3(1+0) =2(@*>+b>+ %)
min  fy(o, X) = . (23)
V=1Xeu) 41 —-60)(1 +06)(1+36)
When o is restricted to the extreme boundary 9,5 (C?) where a2 + b* + ¢ = 1, we have
1
min o, X)|, =
N S T T
This relation, combined with (12), reproduces (20) as follows:
1
max J(Iy(o)) = max J([y(o)) =4 max min 0, X)) = ———.
0eS(C?) ’ 0€8,8(C2) ’ 0€8,8(CY) V=1Xeu(4) Je (1-0)1+0)

On the other hand, when no restriction is imposedon o € S (C?), we have
3
max min = fy(o, X)) = ——m———.
0eS(C?) V=1Xeu) 4(1 —0)(1 +30)
This leads to (21). Moreover, the maximum is attained if and only if o = I /2. Since

I 1<
T y*) (0| = 5, <W=EZei®ﬁ>,
i=1

we see that the maximum in (21) is attained at a maximally entangled pure state.
Note in passing that

3
pr=) BiBj=0
=0
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and

: 3
=) BFBj=— I
. 2:; 15T 41 =6)(1+30)

We therefore conclude from corollary 6 that the SLD Fisher information is additive:
J((([d®Tp)®") =nJ(id ®Iy)).

This is in accordance with the result obtained in [12].

5.2. A rank-two quasi-unitary channel

Let Ty : S(C* — S(C?) be a one-parameter family of rank-two channels defined by the
generator 5(0) = {B;(0), B,(0)} with the parameter space ® = [—x/2, 7 /2), where

B,(0) := \%exp(«/—l@m) = %(I cosf ++/—1o; sinf)

By(0) := \%02.
We show that
max J([y(0)) =2, (V6 € ®) 24)
oeS(C?)
and
max J(id®Ty)([6)) =2, (VO € ©). (25)
5eS(C?°®C?)

These results imply that the use of entanglement does not help enhance the distinguishability
in this channel.
We first prove (25) by a direct application of theorem 4. Let us set

X:[ X y“_lz] (26)
y—A/—1z w
Then (6) becomes
o 1+x2+2y? +222 + w?
ZATA/ = ( al y2 < od )I — X0

J
+ ((x +w)ycosf — zsinb) oy + ((x + w)y sin6 + z cos H) o3,

and its maximal eigenvalue is

_ 14+ x2+2y2 4222 + w? +2/x2 + 22 + (x + w)2)y?

D AGA| = :
- 2

J

Obviously this takes the minimum at x = y = z = w = 0, and (25) follows immediately
from theorem 4.

We next prove (24) and (25) in a unified manner based on (13). Let ¢ € C’®C’bea
unit vector such that ¢ = Tri|¢) (| is represented as (22), and let py := ['y(c). Then by a
direct computation, we obtain

. 3—(@*+b*+c? a?
min  fy(o, X) = —detpy — ———
V=1Xeu(2) 4 16 det pg
at 0 ¢ Osing (|Y)(¥|) = {0; det py = 0}, where
detpg = §[2 — (b* + ) — (b* — ¢*) cos 20 — 2bc sin 26].

Note that Ong (1) (W) 5 @ if and only if b2 + ¢ = 1.

27)

14
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We first assume that b + ¢ < 1: in this case Osing (|¥) (¥ ]) = @. With (b, ¢) fixed, (27)
is monotone decreasing in a2, so that

J(dRTo)(¥)(¥])) =4 min  fy(o, X)
V=1Xeu2)

<4 min  fy(o, X)|amo = 2 — r*sin’(@ — ¢) < 2. (28)
J=1Xeu2)
Here we have set (a, b, ¢) = (0, r cos ¢, r sin ¢) in the second equality.

We next assume that 5> + ¢> = 1: in this case, we need to pay special attention to the
fact that Ogng (|¥) (¥]) # 0. Let us fix a point y € O arbitrarily, and let us take a unit vector
Yo € C* ® C? such that oy := Try|yo) (Vo] is represented by (a, b, ¢) = (0, cos 6y, sin 6y).
Then det Ty (0p) = sin®(6 — 6y)/4, so that 6, € Oging (|¥0) (¥ol). On the other hand, we see
from (27) that

J((d ®To)(IYo)(¥o)) =4 min  fy(00, X) =2 — sin® (6 — 6p) (29)
V=1Xeu(2)
forall 0 ¢ Oging(|¥0) (Yol). Taking the limit& — 6, and using the convention (3) at a singular
point, we have J((id ® I'y,) (|¥0){(¥o|)) = 2. This implies that the formula (29) holds for all
0 € 0.
In summary, we see from (28) and (29) that

J(dRTo) (1) {(¥) <2

for all ¥ € C*> ®@ C? and 6 € ©. Moreover, this upper bound is achieved, for instance, by
a tensor product state v = ¢; ® ¢, where ¢; and ¢, are unit vectors such that |¢,)(¢s] is
specified by the Stokes parameter (a, b, ¢) = (0, cos @, sinf). This completes the proof of
(24) and (25).

Finally, we prove that 8; # O for any generator A(f) of I'y. To this end, we show that
equation (19) does not have a Hermitian solution X = (x;¢). By a direct computation using
the parametrization (26) of X, (19) is reduced to

(x +w
2
Since {I, 0, 03, 03} is linearly independent, this equation does not have a solution.

1
) I+ (ycos0)ay + (ysinf)oy = 51,

5.3. A full-rank quasi-unitary channel

While theorem 8 asserts that J ((id ® I'¢)®") = O(n) for any family of full-rank channels I'y,
it does not always imply the additivity J((id ® I'y)®") = nJ(id ® I'y). In this section we
demonstrate the superadditivity by an example.
Given ¢ € [0, 1/3), let T% : S(C?) — S(C?) be defined by
3
To(r) = (1 —=3e)UptUj +¢ ZUiTU,-*
i=1

where
Uy :=exp(v/—1001) = I cosf ++/—1oysinf

with 6 € (—m/2,7/2). The channel I'j is full-rank if and only if ¢ # 0. For sufficiently
small ¢ > 0, the channel is regarded as an ‘almost’ unitary channel, perturbed by a fixed
depolarizing noise. When ¢ = 0, on the other hand, the channel is reduced to a genuine
unitary channel, and it enjoys J((id ® I'))®") = O(n?) [13]. It is therefore probable that
J(([d®T5)®") > nJ(id ® ') for sufficiently small e.
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We first show that
2(1 —3&)(2 — (5+cosb)e)

1-2¢ G0

J(id®Ty) =
Let us take
Bo(0) :=+1—3eUp, Bi(0) :== \eo; (1 <i<3)

as a reference generator to define f;(z, X). It then follows from (9) that J (id ® Ff,) is the
quadruple of the saddle value of fy(t, X). It can be shown that the function (t, X) — fy(7, X)
has a unique saddle point (7o, X(), where

_I[1 0
=500 1

and
0 0 0 1
Xy = Ve =3g)cosd [0 0 0 0O
' 1—2¢ 0O 0 0 O
1 0 0 O

Formula (30) is then obtained by computing 4 fy (79, Xo). Note that max; J ((id ® Fg) (%)) is
attained by a maximally entangled # € 8,5(C* ® C?) because Ty is the barycentre of S(C?).

In order to prove the superadditivity of J ((id ®TIy )®"), it suffices to show that there is a
¥ € (C* ® C?)®? that satisfies

J((ide T5)*(y)wD) > 27 (id @ T).

As in section 4.1, we identify (id ® F§)®2 with (id®2 ® F§®2). Let {e;};=1,2 be the standard
basis of C2, and let

fii=e1®ey, f21=%f2(€1®€2+6‘2®61), fi=e®e.

Then { f i}1<i<3 forms an orthonormal basis of an irreducible subspace of C? @ C? under the
SU (2) action. It is known [13] that when ¢ = 0, the maximally entangled vector

1 o . .
= — i fi
Y ﬁgf f

gives an optimal (more precisely, an admissible) input state to the extended channel
(id®2 ® I‘g®2). Therefore, we can expect that for sufficiently small e, ¥y would give a
nearly optimal input to the extended channel (id‘g’2 ® F§®2). By computing explicitly the SLD
of the output state (id®2 ® FS‘X’Z)(WME) (Ymel) at 8 = 0, we obtain

32(1 — 3¢)2(3 — 15¢ + 20&2)
9 — 426 + 48¢2

T((1[d®* @ T5=*) (1Yrae) (WmeD) |,y =
Comparing (31) with (30) at & = 0, we see that
J((1d%* @ T3 (Yme) (YmeD) |,y > 27 (id @ TF)]
for0 < e < (9 —+21)/40 (=0.110- - -). This completes the proof of the superadditivity.
Incidentally, (30) and (31) suggest that J ((id QI §)®") would be of the form
. 03
C1+e0(mn)’

€1V

J((id®Ts)™")
Deriving the explicit formula of J((id ® I'} )®”) is a challenging open problem.

16
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6. Concluding remarks

We introduced a fibre bundle structure over manifolds of quantum channels. Under mild
regularity conditions, it was shown that the SLD Fisher information J(id ® I'y) of a one-
paremeter family of quantum channels Iy is expressed by means of the operator norm of the
horizontal lift of the tangent vector on the base manifold. Using this formula, we proved that
J((d ® Ty)®") = O(n) for any family of full-rank channels I'y. This result asserts that for
almost all quantum channels, the maximum SLD Fisher information increases in the order of
O (n). We presented several illustrative examples for the sake of demonstration.

There are many open problems left. Among others, investigating the order of
J((id ® T'y)®") for channels I'y of ranks in between would be of primary importance. We
observe that the solution (16) also leads to the following evaluation:

nn =D = nllerll < el < ne = DI +nlall (32)

for any generator A(@) of I'y. This suggests the following dichotomy: the order of
J((id®T4)®") is either O (n) or O (n?), and is O (n) if and only if 'y has a generator .A(#) that
satisfies 8; = 0. If this were true, the rank-two quasi-unitary channel investigated in section 5.2
would give an example of non-unitary channel that exhibits J((d @ Ty)®) = 0O®m?).
Unfortunately, because

J((id ® T'9)®") < 4min ||, |,
A@6)

(32) does not conclude anything about this conjecture at present.

Another important subject is to establish a perturbation theory of quantum channels. In
an experiment, noise from the environment is inevitable. According to theorem 8, a slight
perturbation applied to a unitary channel induces a transition of the increasing order from
O(n?) to O(n). Does this mean that the O (n?) increase of the quantum Fisher information
cannot be detected by an experiment? Actually, given a family I'j of perturbed unitary

channels, the SLD Fisher information J ((id ® I'5)®") would be continuous in the magnitude
¢ of perturbation for each n, as demonstrated in section 5.3, and there is a hope for detecting
the O (n?) increase approximately. A detailed analysis of the transition from 0> to O(n)
is, therefore, important not only from a theoretical point of view but also from an experimental
point of view.
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